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Abstract
During the last two decades solutions of black holes with various types of “hair” have been discovered. Remarkably, it has been established that
many of these hairy black holes are unstable—under small perturbations the hair may collapse. While the static sector of theories admitting hair is
well explored by now, our picture of the dynamical process of hair-shedding is still incomplete. In this Letter we provide an important ingredient
of the nonlinear dynamics of hair collapse: we derive a universal lower bound on the lifetime of hairy black holes. It is also shown that the amount
of hair outside of a black-hole horizon should be fundamentally bounded.
© 2008 Elsevier B.V. Open access under CC BY license.Wheeler’s dictum “a black hole has no hair” [1] has played
a major role in the development of black-hole physics [2,3].
The conjecture implies that black holes are fundamental ob-
jects: they should be described by only a few parameters, very
much like atoms in quantum mechanics. The fact that station-
ary black holes are specified by conserved charges which are
associated with a Gauss-like law (mass, charge, and angular
momentum) was proven explicitly in Einstein vacuum theory
and Einstein–Maxwell theory [4]. Early no-hair theorems also
excluded scalar [5], massive vector [6], and spinor [7] fields
from the exterior of a stationary black hole.
However, later day developments in particle physics have
lead to the somewhat surprising discovery of various types of
“hairy” black holes, the first of which were the “colored black
holes” [8]. These are static black hole solutions of the Einstein–
Yang–Mills (EYM) theory that require for their complete spec-
ification not only the value of the mass, but also an additional
integer (counting the number of nodes of the function charac-
terizing the Yang–Mills field outside the horizon) that is not,
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Open access under CC BY license.however, associated with any conserved charge. Following the
discovery of the colored black holes, other hairy solutions have
been found [9–11].
Remarkably, many of these hairy black-hole solutions were
proven to be unstable [12–14]. This implies that under small
perturbations the black hole would lose its hair. Numerical stud-
ies of hairy black-hole spacetimes [15,16] have revealed two
distinct mechanisms of losing unstable hair: the hair may be
dispersed to infinity, leaving the original black hole virtually
unchanged, or it may collapse into the black hole, in which case
the original black hole gets bigger.
While the static sector of theories admitting hair is well
understood by now, we still luck a complete picture of the dy-
namical processes by which perturbed, unstable hairy black
holes shed their hair. In particular, the fact that many of the
hairy black-hole solutions were found to be dynamically unsta-
ble promotes the fundamental question: what is the lifetime of
an unstable hairy black hole?
In this Letter we derive a universal lower bound on the dy-
namical lifetime, τhair, of perturbed, unstable hairy black-hole
solutions. Our derivation is based on standard results of infor-
mation theory and universal thermodynamic considerations.
A fundamental question in quantum information theory is
what is the maximum rate at which information/entropy [17]
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answer to this question is given by the Bekenstein–Bremermann
relation [18–20]:
(1)S
τ
 πE/h¯.
(We use gravitational units in which G = c = kB = 1.) We shall
now use this relation in the context of black-hole dynamics.
Accretion of perturbed, unstable hair into a black hole would
increase the black-hole mass1 by an amount E (E Mhair,
whereMhair is the mass of the black-hole hair outside the hori-
zon). As a consequence its area (entropy) would also increase.
This implies that information/entropy is actually flowing into
the black hole during this dynamical process.
One may now derive an upper bound on the dynamical rate
at which the hair collapse (or equivalently, an upper bound
on the rate at which the black-hole entropy increases due to
hair “swallowing”). For simplicity we focus here on spheri-
cally symmetric spacetimes. The mass m(rH ) contained within
the black-hole horizon is related to the horizon’s radius by
m(rH ) = 12 rH [3], and the mass of the outside hair is given
byMhair =Mtotal − 12 rH . It is worth mentioning that [21] pro-
vides a detailed discussion about the relation between the bare
mass of the black hole (without hair), the mass of the hair, and
the ADM mass of the black-hole spacetime.
An increase E in the mass contained within the black hole
(due to hair swallowing) would increase the black-hole radius
from rH to rH + 2E . Taking cognizance of the black-hole
area-entropy relation SBH = A/4h¯ = πr2H/h¯ [2], one finds that
the corresponding change in black-hole entropy is given by
SBH = π[(rH + 2E)2 − r2H ]/h¯. Substituting
(2)SBH = 4πE(rH + E)/h¯,
into Eq. (1), we obtain a universal lower bound on the lifetime
τhair (as measured by a static observer at infinity) of a perturbed,
unstable hairy black hole:
(3)τhair  4(rH + E) 4rH .
It is worth nothing that Núñez et al. [3] have proved a very
nice theorem according to which the “hairosphere”, the re-
gion where the nonlinear behavior of the black-hole hair is
present, must extend beyond 32 rH . This would imply that the
collapse time of perturbed, unstable hair into the black hole is
roughly bounded by 12 rH . The universal bound, Eq. (3), is (at
least) an order of magnitude stronger. This dynamical bound,
τhair  4(rH +E) 4rH , is in fact complimentary to the spa-
tial bound rhair  32 rH of [3].
We would like to emphasize here that hairy black-hole solu-
tions are characterized by several different length/time scales:
• The radius of the black-hole horizon, rH .
1 We assume the validity of the weak energy condition, which insures the
positivity of the hair’s mass.• The mass of the outside hair,Mhair.2
• The inverse of the black-hole temperature TBH (propor-
tional to the surface gravity).
• In some hairy solutions there is additional length scale set
by the dimensional coupling constant of the theory (for ex-
ample, the reciprocal of the YM coupling constant, g) [9].
Likewise, in theories with massive hairy fields [11] there
is another characteristic scale—the Compton length of the
field, h¯/mass.
The diversity of these independent length/time scales which
characterize hairy black-hole solutions, implies that any attempt
to obtain a bound on the lifetime of hairy black holes from naive
dimensionality considerations would be too presumptuous—
there are simply too many independent scales and dimensional
parameters in the problem. In principle, the characteristic dy-
namical timescale could have turned out to be any complicated
combination of the above mentioned parameters. However, the
analytically derived bound, τhair  4rH ,3 is remarkably simple
and universal in the sense that it is independent of all other di-
mensional parameters present in the theory.
Testing the bound. The early stages of a full, nonlinear col-
lapse of unstable hair can be described by linearized perturba-
tions. Thus the total lifetime of the unstable hairy black hole is
bounded from below by the characteristic time which describes
the early growth of linear perturbations. (The total lifetime is
actually longer and includes the phase of nonlinear dynamics
which follows the linear regime.) The linear instability time is
given by the reciprocal of the eigenvalue σ corresponding to
the unstable mode of the hairy black hole (a linearized pertur-
bation mode which grows according to ∼ eσ t ). One therefore
concludes that the total lifetime of an unstable hairy black is
bounded by τhair  1/σ . Thus, a sufficient (but not a necessary)
condition for the validity of the universal bound, Eq. (3), is that
the instability eigenvalue σ is bounded by
(4)σ  σmax ≡
[
4(rH + E)
]−1  (4rH )−1.
As an example, we display in Table 1 the numerically com-
puted (see Ref. [22]) eigenvalues σ corresponding to the unsta-
ble mode of the canonical EYM (colored) hairy black holes. We
also present the ratio σ/σmax. We first consider the weak ver-
sion of the bound, in which case we take E → 0. One finds
σ/σweakmax < 1 for all black holes, in accord with our analytical
prediction.
It has been shown [15,16] that, depending on the initial per-
turbation most of the unstable hair may collapse into the black
hole. We should therefore check the validity of our bound in its
strong version, in which case we take E =Mhair. We display
the ratio σ/σ strongmax in Table 1, from which one learns that the un-
stable hairy black holes conform to the bound Eq. (4) even in its
2 We emphasize that the mass of the black-hole hair,Mhair does not scale
linearly with its radius, rH , see e.g., [22]. These two quantities therefore deter-
mine different length/time scales.
3 The bound can be made stronger, τhair  4(rH +Mhair), as discussed be-
low.
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Ratio between the eigenvalue σ corresponding to the unstable mode of the
colored hairy black holes and σmax, as defined by the bound Eq. (4). Here
σweakmax ≡ (4rH )−1 and σ strongmax ≡ [4(rH +M)hair]−1. One finds σ/σmax < 1
for all values of the black-hole radius rH , in accord with the analytical predic-
tion, Eq. (4)
rH Mhair σ σ/σweakmax σ/σ strongmax
0.0 0.8286 0.2292 0.000 0.759
0.4 0.6589 0.2071 0.331 0.877
0.6 0.5791 0.1936 0.465 0.913
1.0 0.4369 0.1637 0.655 0.941
2.0 0.2349 0.1067 0.854 0.954
3.0 0.1571 0.0744 0.893 0.940
4.0 0.1168 0.0562 0.899 0.925
5.0 0.0923 0.0447 0.894 0.911
strong form. (In fact, the colored black holes are actually very
close of saturating this dynamical bound.) It is worth mention-
ing that the EYM solutions have a second type of instability
(“sphaleron” or topological one), which may develop outside
the magnetic ansatz to which the solution itself belongs, see
[23,24]. These two types of instabilities have comparable spec-
trums and are both relevant for the lifetimes of the EYM hairy
black holes.
Discussion and applications. The universal laws of thermo-
dynamics and information theory provide important insights on
the dynamics of unstable hairy black holes. In particular, we
have derived a simple lower bound on the lifetime of perturbed,
unstable hair: If a black hole has hair, then its lifetime cannot be
shorter than 4 times the horizon radius. This temporal bound,
τhair  4(rH +Mhair)  4rH is complimentary to the spatial
bound rhair  32 rH of [3]. It would be highly interesting to ver-
ify directly the validity of the analytic bound, Eq. (3), with full
nonlinear dynamical calculations.
It is worth pointing out that, although our starting point,
Eq. (1) has clear quantum origins, the analytically derived
bound on the dynamical lifetime of hairy black holes, Eq. (3),
is of pure classical nature. [The h¯ that appears in (1) is can-
celed out by the h¯ in the black-hole area-entropy relation,
SBH = A/4h¯.] This strongly suggests that one should be able
to obtain a bound on the lifetime of an unstable black hole by
using purely classical arguments. One such (analytic) example
is given in Appendix A, where we consider the specific case of
the SU(2) Reissner–Nordström black hole. However, such ap-
proach would be parameter and model dependent. One would
be forced to go into details about the system, and to solve the
problem case-by-case for each and every theory in which black-
hole hair has been discovered. On the other hand, the inequality
(1) is remarkably robust—it therefore enables a simple deriva-
tion of a universal, model independent bound like (3).
If the central black hole is small, then the dynamics of
its outside fields would hardly be affected by its presence. In
such cases, the dimensional parameters of the matter fields
(e.g., the dimensional coupling constant, g, of the YM the-
ory) would determine the characteristic dynamical timescale of
the outside hair. It is interesting to note that if we take this
natural expectation and combine it with the temporal boundτ  4(rH +Mhair), we obtain an upper bound for the mass
of the black-hole hair outside the horizon. Namely, substituting
τ ∼ g−1 for the characteristic dynamical timescale would yield,
(5)Mhair  1/g − rH , rH  1/g.
This bound implies that a black hole cannot support an un-
bounded amount of hair. The mass of the outside hair is fun-
damentally bounded by the reciprocal of the coupling constant
of the theory. Moreover, the amount of allowed hair decreases
with increasing black-hole radius. These analytical conclusions
are in accord with available numerical data, see e.g., [22]. The
transition from hairy black-hole solutions which are dominated
by their outside hair (Mhair  rH ), to solutions dominated by
the central black hole (Mhair  rH ) occurs at rH ∼ 1/g.
Likewise, in theories with massive hairy fields there is a
natural length/time scale in the problem set by the Compton
length of the field, h¯/m, where m is the mass parameter. This
scale would characterize the dynamics of the outside fields if
the central black hole is small. Taking τ ∼ h¯/m in the relation
τ  4(rH +Mhair), one obtains an upper bound on the mass of
the outside hair,
(6)Mhair  h¯/m − rH , rH  h¯/m.
This analytical bound is in accord with known numerical data
[3,11], and implies thatMhair → 0 as rH  h¯/m.
The above upper bounds do not rule out the existence of
hairy black-hole solutions. However, they put a severe restric-
tion on the amount of outside hair that a black hole can support.
Such a restrictive upper bound can therefore be taken as a more
modest alternative to the original no hair conjecture.
Finally, we would like to point out that our approach sheds
some new light on the black-hole critical phenomena observed
in full nonlinear gravitational collapse [27]. It has been found
[15,16] that unstable hairy black holes may serve as intermedi-
ate attractors during a dynamical gravitational collapse. Near-
critical evolutions approach the solution of a static hairy black
hole, and remain in its vicinity for some amount of time T .
The evolution then peels off the static hairy black hole solution,
with the remaining field (outside of the horizon) either dispers-
ing to infinity or collapsing and adding a finite amount of mass
to the already present black hole [15,16]. The lingering time, T ,
in the vicinity of the intermediate attractor (the unstable hairy
black-hole solution) is related directly to the reciprocal of the
instability eigenvalue σ [22]. Our results therefore set an ana-
lytic lower bound on the lifetime, T , of near-critical solutions
in Choptuik’s nonlinear critical phenomena.
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black hole
In this appendix we consider the linearized stability analysis
of the SU(2) Reissner–Nordström (RN) black hole with unit
magnetic charge [25]. (This black-hole solution is not regarded
as hairy since its outside mass is related to the global magnetic
charge. Nevertheless, we present here the stability analysis of
this black hole because it has the advantage of being tractable
analytically.)
The mass function of the SU(2) RN black hole of asymptotic
mass M is given by
(A.1)m(r) = M − 1
2r
.
This implies that the black-hole horizon is located at rH = M +
(M2 − 1)1/2.
The evolution of linearized perturbations ξ(r)eσ t is gov-
erned by a Schrödinger-like equation [26]
(A.2)
(
− d
2
dx2
+ U(x)
)
ξ = −σ 2ξ,
where dx/dr = [1 − 2m(r)/r]−1 (this implies x → −∞ for
r → rH , and x → ∞ for r → ∞), and the effective potential is
given by
(A.3)U(x) = − 1
r2
(
1 − 2m(r)
r
)
.
Eq. (A.2) has at least one bound state, because the effective po-
tential U(x) is everywhere negative and vanishes for |x| → ∞.
Moreover, an upper bound on σ 2 is given by the (minus) mini-
mum of the potential U [26]. Namely, σ √|Umin(M)|. From
here one finds that σ is bounded according to
(A.4)σ(M) < [4β(M)rH ]−1,
where β(M) is a monotonic decreasing function from β(M =
1) = 1 to β(M → ∞) = √27/8. This yields a lower bound on
the black-hole lifetime, τ  1/σ which is a bit weaker than our
universal bound, Eq. (3).
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